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a b s t r a c t
This paper deals with the unsteady rotating flow of a generalized Maxwell fluid with
fractional derivativemodel between two infinite straight circular cylinders, where the flow
is due to an infinite straight circular cylinder rotating and oscillating pressure gradient. The
velocity field and the adequate shear stress are determined by means of the combine of
the sequential fractional derivatives Laplace transform and finite Hankel transform. The
exact solutions are presented by integral and series form in terms of the generalized G and
Mittag-Leffler functions. The similar solutions can be easily obtained for ordinary Maxwell
and Newtonian fluids as limiting cases. Finally, the influence of the relaxation time and the
fractional parameter on the fluid dynamic characteristics, as well as a comparison between
models, is shown by graphical illustrations.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Advancements in technological applications have brought a wide range of rheological complex fluids that are charac-
terized by diverse significant deviations from the simple Newtonian behavior. The applications of non-Newtonian fluids
include extrusion of polymer fluids, exotic lubricants, colloidal and suspension solutions, food stuffs, synthetic propellants,
molten plastics and many others. Numerous models have been proposed to describe the response characteristics of these
fluids, among which the viscoelastic Maxwell fluid model has been studied widely [1]. Maxwell recognized that the fluid
has means for storing energy and dissipating energy, the storing of energy characterizing the fluid’s elastic response and the
dissipation of energy characterizing its viscous nature.
In recent years, the fractional calculus has encountered much success in describing the complex viscoelastic fluids. The
fractional derivative models of the viscoelastic fluids are derived from classical equations, which are modified by replacing
the time derivative of an integer order by precisely non-integer order integrals or derivatives. With the development of
research, the fractional derivative models of the viscoelastic fluids are concerned by considerable researchers, especially
in the problems of motion near translating or rotating bodies. The first exact solutions in cylindrical problems are those
of Ting [2] for second grade fluids, Srivastava [3] for Maxwell fluids and Waters and King [4] for Oldroyd-B fluids. Fetecau
[5–7]studied some helical flows of Maxwell and Oldroyd-B fluids within an infinite cylinder or between two infinite coaxial
cylinders. Exact solutions of generalized Maxwell fluid flow due to oscillatory and constantly accelerating plate obtained by
Zheng [8]. The unsteady Couette flow problems have been considered in several works for the longitudinal time-dependent
shear stress by Fetecau [9,10], Preziosi and Joseph [11], and other various effects as in the book and paper by Joseph [12],
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Bernardin [13] and Preziosi [14]. Tan, Xu [15] and Pan [16] considered a plate surface suddenly set inmotion in a viscoelastic
fluid with fractional Maxwell equation or between two parallel plates.
Motivated by the above-mentioned works, in this paper we extend the works mentioned above to the unsteady rotating
flows of a viscoelastic generalized Maxwell fluid with oscillating pressure gradient between coaxial cylinders. The velocity
field and the adequate shear stress are determined by means of the combine of the sequential fractional derivatives Laplace
transforms and finite Hankel transforms. The solutions are presented by integral and series form in terms of the generalized
G andMittag-Leffler functions. Finally, the influence of the relaxation time and the fractional parameter on the fluid dynamic
characteristics, as well as a comparison between models, is shown by graphical illustrations.
2. Basic governing equations
The conservation and constitutive equations of an incompressible Maxwell fluid with fractional derivative are given
by [17–21]
T = −PI+ S S+ λDS
Dt
= µA (1)
where−PI denotes the indeterminate spherical stress, S is the extra-stress tensor, T is the Cauchy stress tensor, A = L+ LT
is the first Rivlin–Ericksen tensor with L the velocity gradient, µ the dynamic viscosity of the fluid, λ the material constant
and DS/Dt is defined by
DS
Dt
= Dαt S+ V · ∇S− LS− SLT (2)
here ∇ is the gradient operator, the fractional differential operators Dαt based on Riemann–Liouville’s, defined as [19]
Dαt f (t) =
1
0(1− α)
d
dt
∫ t
0
f (τ )
(t − τ)α dτ , 0 < α < 1, (3)
where 0(·) denotes the Gamma function. This model reduces to the ordinary Maxwell fluid model when α = 1.
In cylindrical coordinates (r, θ, z), the axial couette flow velocity is given by
V = u(r, t)eθ , (4)
where eθ is the unit vector in the θ-axis. Since the velocity field V is independent of r and t , we also assume that S depends
only on r and θ . What’s more, if the fluid is assumed to be at rest at the moment t = 0, then
V(r, 0) = 0, S(r, 0) = 0. (5)
We can obtain
(1+ λDαt )τ = µ

∂
∂r
− 1
r

u, (6)
where Srr = Szz = Srz = Sθz = Sθθ = 0, τ (r, t) = Srθ (r, t) is the shear stresses, which is different of zero. For α → 1,
the material constant λ tends to the relaxation time. In the absence of body forces in the axial direction and considering the
pressure gradient, the balance of linear momentum leads to the relevant and meaningful equation
ρ
∂u
∂t
= −1
r
∂P
∂θ
+ 1
r2
∂(r2τ)
∂r
, (7)
where ρ is the constant density of the fluid.
Eliminating τ(r, t) between Eqs. (6) and (7), we get the following governing equation:
(1+ λDαt )
∂u
∂t
= P0
r
(1+ λDαt ) cos(ωt)+ ν

∂2
∂r2
+ 1
r
∂
∂r
− 1
r2

u, r ∈ (R1, R2), t > 0, (8)
where ν = µ/ρ is the kinematics viscosity. And in this paper, we assume that at time t > 0, ∂P/∂θ = −ρP0 cos(ωt) or
∂P/∂θ = −ρP0 sin(ωt)where P0 is a constant.
3. Rotating flow between coaxial cylinders
This paper considers an incompressible generalized Maxwell fluid at rest in the annular region between two infinite
circular cylinders of radius R1 and R2 (>R1). At time t = 0+, the inner cylinder is suddenly moved with a time-dependent
pressure gradient in the θ axial direction. The associated initial and boundary conditions are
u(r, 0) = ∂u(r, 0)
∂t
= 0, r ∈ [R1, R2] , (9)
u(R1, t) = f eat , u(R2, t) = 0, t > 0, (10)
where f is a constant.
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4. Calculation of the velocity filed
4.1. The case ∂P/∂θ = −ρP0 cos(ωt)
Applying the Laplace transform to Eqs. (8)–(10), using the Laplace transform of the sequential fractional derivatives [22],
we find that
(q+ λqα+1)u = P0
r
[
1+ λωα cos
π
2
α
 q
q2 + ω2 − λω
α sin
π
2
α
 ω
q2 + ω2
]
+ ν

∂2
∂r2
+ 1
r
∂
∂r
− 1
r2

u, r ∈ [R1, R2] , (11)
u(r, 0) = 0 and u(R1, q) = fq− a . (12)
In the following, let us denote [23]
uH =
∫ R2
R1
ruB1(rrn)dr, n = 1, 2, 3, . . . , (13)
the finite Hankel transforms of u, where rn are the positive roots of the transcendental equation B1(R1r) = 0 and
B1(rrn) = J1(rrn)Y1(R2rn)− J1(R2rn)Y1(rrn) (14)
while Jn(·) and Yn(·) are Bessel functions of the first and second kind of order n, respectively. Multiplying both sides of
Eq. (11) by rB1(rrn), integrating with respect to r from R1 to R2 and taking into account the conditions (12) and the identity∫ R2
R1
r

∂2
∂r2
+ 1
r
∂
∂r
− 1
r2

uB1(rrn)dr = − 2
π
f
q− a
J1(R2rn)
J1(R1rn)
− r2nuH , (15)
we find that
uH = P0

1+ λωα cos
π
2
α
 B1(R1rn)− B1(R2rn)
rn
q
(q2 + ω2)(q+ λqα+1 + νr2n )
− λP0ωα sin
π
2
α
 B1(R1rn)− B1(R2rn)
rn
ω
(q2 + ω2)(q+ λqα+1 + νr2n )
− 2
πr2n
f
(q− a)
J1(R2rn)
J1(R1rn)
+ 2f
πr2n
J1(R2rn)
J1(R1rn)
q+ λqα+1
(q− a)(q+ λqα+1 + νr2n )
(16)
where B(rrn) = J0(rrn)Y1(R2rn)− J1(R2rn)Y0(rrn) [24].
Inverting the above results by means of the Hankel transform, one gets the expression for u in the form
u = R1(R
2
2 − r2)
(R22 − R21)r
f
q− a +
π2P0

1+ λωα cos π2 α
2
×
∞−
n=1
rnJ21 (R1rn)B1(rrn)(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
q
(q2 + ω2)(q+ λqα+1 + νr2n )
− π
2λP0ωα sin

π
2 α

2
∞−
n=1
rnJ21 (R1rn)B1(rrn)(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
× ω
(q2 + ω2)(q+ λqα+1 + νr2n )
+ π f
∞−
n=1
J1(R1rn)J1(R2rn)B1(rrn)
J21 (R1rn)− J21 (R2rn)
q+ λqα+1
(q− a)(q+ λqα+1 + νr2n )
, (17)
where
u = π
2
2
∞−
n=1
r2n J
2
1 (R1rn)B1(rrn)
J21 (R1rn)− J21 (R2rn)
uH . (18)
Finally, we apply the discrete inversion Laplace transform method; for this, we use the expansion
q
(q2 + ω2)(q+ λqα+1 + νr2n )
= − q
q2 + ω2
∞−
k=0
−1
λ
k+1 qk
(qα+1 + νr2nλ−1)k+1
, (19)
q+ λqα+1
q+ λqα+1 + νr2n
=
∞−
k=0
−νr2n
λ
k q−k
(qα + λ−1)k , (20)
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and using the following formula of the Laplace transform of the functions Ga,b,c(d, t) and Eα,β(z)
L−1

qb
(qa − d)c

= Ga,b,c(d, t), (21)
L−1

n!sα−β
(sα + c)n+1

= tαn+β−1E(n)α,β(−ctα), Re(s) > |c|1/α , (22)
where [22]
Ga,b,c(d, t) =
∞−
j=0
(c)jdjt(j+c)a−b−1
j!0[(j+ c)a− b] , (23)
is the generalized G function and (c)j is the Pochhammer polynomial [25] and Eα,β(z) represents the generalized Mittag-
Leffler function [19].
We attain the following expressions for the velocity field:
u = R1(R
2
2 − r2)f
(R22 − R21)r
eat − π
2P0

1+ λωα cos π2 α
2
∞−
n=1
rnJ21 (R1rn)B1(rrn)(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
×
∞−
k=0
−1
λ
k+1 ∫ t
0
cos(ω(t − τ))Gα+1,k,k+1(−νr2nλ−1, τ )dτ +
π2λP0ωα sin

π
2 α

2
×
∞−
n=1
rnJ21 (R1rn)B1(rrn)(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
×
∞−
k=0
−1
λ
k+1 ∫ t
0
sin(ω(t − τ))Gα+1,k,k+1(−νr2nλ−1, τ )dτ
+π f
∞−
n=1
J1(R1rn)J1(R2rn)B1(rrn)
J21 (R1rn)− J21 (R2rn)
∞−
k=0
−νr2n
λ
k ∫ t
0
ea(t−τ)Gα,−k,k(−λ−1, τ )dτ . (24)
In terms of Eq. (24), it clearly that
u(R1, t) = f eat . (25)
4.2. The case ∂P/∂θ = −ρP0 sin(ωt)
In the same way, the solution can be obtained in the following form:
u = R1(R
2
2 − r2)f
(R22 − R21)r
eat − π
2P0

1+ λωα cos π2 α
2
∞−
n=1
rnJ21 (R1rn)B1(rrn)(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
×
∞−
k=0
−1
λ
k+1 ∫ t
0
sin(ω(t − τ))Gα+1,k,k+1(−νr2nλ−1, τ )dτ −
π2λP0ωα sin

π
2 α

2
×
∞−
n=1
rnJ21 (R1rn)B1(rrn)(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
∞−
k=0
−1
λ
k+1 ∫ t
0
cos(ω(t − τ))Gα+1,k,k+1
× (−νr2nλ−1, τ )dτ + π f
∞−
n=1
J1(R1rn)J1(R2rn)B1(rrn)
J21 (R1rn)− J21 (R2rn)
∞−
k=0
−νr2n
λ
k ∫ t
0
ea(t−τ) · Gα,−k,k(−λ−1, τ )dτ . (26)
5. Calculation of the shear stress
5.1. The case ∂P/∂θ = −ρP0 cos(ωt)
Applying the Laplace transform to Eq. (6), we find that
(1+ λqα)τ = µ

∂
∂r
− 1
r

u, (27)
where
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τ = −2µR1R
2
2
(R22 − R21)r2
f
(q− a)(1+ λqα) +
π2P0

1+ λωα cos π2 α
2
×
∞−
n=1
rnJ21 (R1rn)

rnB1(rrn)− (2/r)B1(rrn)

(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
× q
(1+ λqα)(q2 + ω2)(q+ λqα+1 + νr2n )
− π
2λP0ωα sin

π
2 α

2
×
∞−
n=1
rnJ21 (R1rn)

rnB1(rrn)− (2/r)B1(rrn)

(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
× ω
(1+ λqα)(q2 + ω2)(q+ λqα+1 + νr2n )
+π f
∞−
n=1
J1(R1rn)J1(R2rn)

rnB1(rrn)− (2/r)B1(rrn)

J21 (R1rn)− J21 (R2rn)
q
(q− a)(q+ λqα+1 + νr2n )
. (28)
Applying again the discrete inversion Laplace transform to the obtained results, we find the expression of shear stress in the
following form:
τ = −2µfR1R
2
2
(R22 − R21)r2
eat − 2µfR1R
2
2
(R22 − R21)r2
∫ t
0
ea(t−τ)Gα,α,1(−λ−1, τ )dτ + π
2P0

1+ λωα cos  π2 α
2ν
×
∞−
n=1
rnJ21 (R1rn)

rnB1(rrn)− (2/r)B1(rrn)

(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
×

λ−1
∫ t
0
cos(ω(t − τ))τ α−1Eα,α(−λ−1τ α)dτ +
∞−
k=1
−1
λ
k ∫ t
0
cos(ω(t − τ))Gα+1,k,k(−νr2nλ−1, τ )dτ

− π
2λP0ωα sin

π
2 α

2ν
∞−
n=1
rnJ21 (R1rn)

rnB1(rrn)− (2/r)B1(rrn)

(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
×

λ−1
∫ t
0
sin(ω(t − τ))τ α−1Eα,α(−λ−1τ α)dτ +
∞−
k=1
−1
λ
k ∫ t
0
sin(ω(t − τ))Gα+1,k,k(−νr2nλ−1, τ )dτ

−π f
∞−
n=1
J1(R1rn)J1(R2rn)

rnB1(rrn)− (2/r)B1(rrn)

J21 (R1rn)− J21 (R2rn)
∞−
k=0
−1
λ
k ∫ t
0
ea(t−τ)Gα+1,k,k(−νr2nλ−1, τ )dτ . (29)
5.2. The case ∂P/∂θ = −ρP0 sin(ωt)
Proceeding in similar manner as before, we can find the solution of the following form:
τ = −2µfR1R
2
2
(R22 − R21)r2
eat − 2µfR1R
2
2
(R22 − R21)r2
∫ t
0
ea(t−τ)Gα,α,1(−λ−1, τ )dτ
+ π
2P0

1+ λωα cos  π2 α
2ν
∞−
n=1
rnJ21 (R1rn)

rnB1(rrn)− (2/r)B1(rrn)

(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
×

λ−1
∫ t
0
sin(ω(t − τ))τ α−1Eα,α(−λ−1τ α)dτ +
∞−
k=1
−1
λ
k ∫ t
0
sin(ω(t − τ))Gα+1,k,k(−νr2nλ−1, τ )dτ

+ π
2λP0ωα sin

π
2 α

2ν
∞−
n=1
rnJ21 (R1rn)

rnB1(rrn)− (2/r)B1(rrn)

(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
×
λ−1
∫ t
0
cos(ω(t − τ))τ α−1Eα,α(−λ−1τ α)dτ +
∞−
k=1
−1
λ
k ∫ t
0
cos(ω(t − τ))Gα+1,k,k
× (−νr2nλ−1, τ )dτ
− π f ∞−
n=1
J1(R1rn)J1(R2rn)

rnB1(rrn)− (2/r)B1(rrn)

J21 (R1rn)− J21 (R2rn)
×
∞−
k=0
−1
λ
k ∫ t
0
ea(t−τ)Gα+1,k,k(−νr2nλ−1, τ )dτ . (30)
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Fig. 1. Velocity profiles for different values of time (λ = 10; f = 4; R1 = 0.5; R2 = 1; ν = 0.2; a = −0.2; ω = 0.1; P0 = 2).
6. Limiting cases for ∂P
∂θ
= −ρP0 cosωt
(1) In the special case when α → 1, Eqs. (24) and (32) can be simplified as
u = R1(R
2
2 − r2)f
(R22 − R21)r
eat − π
2P0
2
∞−
n=1
rnJ21 (R1rn)B1(rrn)(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
×
∞−
k=0
−1
λ
k+1 ∫ t
0
cos(ω(t − τ))G2,k,k+1(−νr2nλ−1, τ )dτ +
π2λP0ω
2
×
∞−
n=1
rnJ21 (R1rn)B1(rrn)(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
∞−
k=0
−1
λ
k+1 ∫ t
0
sin(ω(t − τ))G2,k,k+1
× (−νr2nλ−1, τ )dτ + π f
∞−
n=1
J1(R1rn)J1(R2rn)B1(rrn)
J21 (R1rn)− J21 (R2rn)
∞−
k=0
−νr2n
λ
k ∫ t
0
ea(t−τ) · G1,−k,k(−λ−1, τ )dτ (31)
and the associated tangential stress
τ = −2µfR1R
2
2
(R22 − R21)r2
eat − 2µfR1R
2
2
(R22 − R21)r2
∫ t
0
ea(t−τ)G1,1,1(−λ−1, τ )dτ
+ π
2P0
2ν
∞−
n=1
rnJ21 (R1rn)

rnB1(rrn)− (2/r)B1(rrn)

(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
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Fig. 2. Velocity profiles for different values of fractional parameter α (λ = 10; t = 4; R1 = 0.5; R2 = 1; a = −0.2; f = 4;ω = 0.1; P0 = 2).
×

λ−1
∫ t
0
cos(ω(t − τ))e−λ−1τdτ +
∞−
k=1
−1
λ
k ∫ t
0
cos(ω(t − τ))G2,k,k(−νr2nλ−1, τ )dτ

− π
2λP0ω
2ν
∞−
n=1
rnJ21 (R1rn)

rnB1(rrn)− (2/r)B1(rrn)

(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
×

λ−1
∫ t
0
sin(ω(t − τ))e−λ−1τdτ +
∞−
k=1
−1
λ
k ∫ t
0
sin(ω(t − τ))G2,k,k(−νr2nλ−1, τ )dτ

−π f
∞−
n=1
J1(R1rn)J1(R2rn)

rnB1(rrn)− (2r)B1(rrn)

J21 (R1rn)− J21 (R2rn)
∞−
k=0
−1
λ
k ∫ t
0
ea(t−τ)G2,k,k(−νr2nλ−1, τ )dτ (32)
which correspond to ordinary Maxwell fluids.
(2) Making λ→ 0 into Eqs. (31) and (32), we get the velocity field
u = R1(R
2
2 − r2)f
(R22 − R21)r
eat + π
2P0
2
∞−
n=1
rnJ21 (R1rn)B1(rrn)(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
×
∫ t
0
cos(ω(t − τ))e−νr2n τdτ + π f
∞−
n=1
J1(R1rn)J1(R2rn)B1(rrn)
J21 (R1rn)− J21 (R2rn)

a
a+ νr2n
eat + νr
2
n
a+ νr2n
e−νr
2
n t

(33)
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Fig. 3. Velocity profiles for different values of λ (α = 0.5; t = 4; R1 = 0.5; R2 = 1; ν = 0.2; a = −0.2; f = 4;ω = 0.1; P0 = 2).
Fig. 4. Velocity profiles for different values of kinematic viscosity ν (λ = 10;α = 0.5; t = 4; R1 = 0.5; R2 = 1; a = −0.2; f = 4;ω = 0.1; P0 = 2).
and the adequate shear stress
τ = −2µfR1R
2
2
(R22 − R21)r2
eat + π
2P0
2ν
∞−
n=1
rnJ21 (R1rn)

rnB1(rrn)− (2/r)B1(rrn)

(B1(R1rn)− B1(R2rn))
J21 (R1rn)− J21 (R2rn)
×
∫ t
0
cos(ω(t − τ))e−νr2n τdτ + π f
∞−
n=1
J1(R1rn)J1(R2rn)

rnB1(rrn)− (2/r)B1(rrn)

J21 (R1rn)− J21 (R2rn)
×

a
a+ νr2n
eat + νr
2
n
a+ νr2n
e−νr
2
n t

(34)
which correspond to an classical Newtonian fluids in the same motion.
7. Analyses results and conclusions
This paper considers the unsteady rotating flow of a generalizedMaxwell fluid flow between two infinite straight circular
cylinders,where the flow is due to an infinite straight circular cylinder rotating andoscillating pressure gradient. The velocity
field and the adequate shear stress are determined bymeans of the sequential fractional derivatives Laplace transforms and
finite Hankel transforms. The solutions are presented by integral and series form in terms of the generalized G and Mittag-
Leffler functions. In the special cases, when α → 1 or α → 1 and λ → 0, we obtain the corresponding solutions for the
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Fig. 5. Velocity profiles for different values of time (R1 = 0.5; R2 = 1; ν = 0.2; a = −0.2; ω = 0.1; P0 = 2).
ordinary Maxwell and classical Newtonian fluids. These particular solutions (31) and (32) satisfy the associated boundary
conditions (13) and (14), what’s more (33) and (34) satisfy the boundary conditions (14), respectively.
Finally, we present the graphical results about the case ∂P/∂θ = −ρP0 cosωt for the velocity field and reveal some
relevant physical aspects. In Fig. 1, the profiles of the velocity are plotted for different values of time. Comparedwith ordinary
Maxwell fluid and generalized Maxwell fluid, the velocity is a decreasing functions of t when the r approaches to R1. For the
same time, the amplitude of fluctuation of the generalized Maxwell fluid is bigger than ordinary Maxwell fluid. And from
Fig. 2, by increasing the fractional parameter α, the velocity is reduced and the fluctuation becomes smaller for bigger values
of α.
Fig. 3, the behavior of velocity profiles is examined for different values of material constant λ. It shows that by increasing
magnitude of λ, the fluctuations between two circular cylinders become bigger and bigger. However, we obtain the opposite
conclusion from Fig. 4, which is determined by the kinematic viscosity ν.
Fig. 5 shows that the limiting cases of ordinary Maxwell fluid (α → 1 or α → 1 and λ → 0). The profiles settle for the
conclusion of the fluencies of the material constant λ.
Fig. 6 shows the time series of the velocity profiles for the different values of r . From Figs. 1–5,we can find that at the same
time, the velocity first increases, then decreases, it reaches its maximum in the radius range of 0.65–0.75. In this profile, the
oscillating pressure gradient leads to the fluctuations of the velocity. From 0.6 to 0.7, the fluctuations become bigger, from
0.7 to 0.95; however, the fluctuation of the velocity profiles is smaller, whether the ordinary Maxwell fluid or generalized
Maxwell fluid. With the decrease of α from 1 to 0, the period of oscillation becomes bigger and bigger.
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Fig. 6. Velocity profiles for different values of r (λ = 15; R1 = 0.5; R2 = 1; ν = 0.03; a = −0.2; f = 15;ω = 0.1; P0 = 10).
References
[1] J.C. Maxwell, On the dynamical theory of gases, Philos. Trans. Roy. Soc. London Ser. A 157 (1866) 26–78.
[2] T.W. Ting, Certain non-steady flows of second-order fluids, Arch. Ration. Mech. Anal. 14 (1963) 1–23.
[3] P.H. Srivastava, Non-steady helical flow of a visco-elastic liquid, Arch. Mech. (Arch. Mech. Stos.) 18 (1966) 145–150.
[4] N.D. Waters, M.J. King, Unsteady flow of an elastico-viscous liquid in a straight pipe of circular cross-section, J. Phys. D: Appl. Phys. 4 (1971) 207–211.
[5] C. Fetecau, Corina Fetecau, Unsteady helical flows of a Maxwell fluid, Proc. Rom. Acad. Ser. A 5 (2004) 13–19.
[6] C. Fetecau, Starting flow of an Oldroyd-B fluid between rotating co-axial cylinders, Proc. Rom. Acad. Ser. A 6 (2005) 1–8.
[7] C. Fetecau, Corina Fetecau, D. Vieru, On some helical flows of Oldroyd-B fluids, Acta Mech. 189 (2007) 53–63.
[8] Liancun Zheng, Fangfang Zhao, Xinxin Zhang, Exact solutions for generalized Maxwell fluid flow due to oscillatory and constantly accelerating plate,
Nonlinear Anal. RWA 11 (2010) 3744–3751.
[9] M. Nazar, Corina Fetecau, A.U. Awan, A note on the unsteady flow of a generalized second-grade fluid through a circular cylinder subject to a time-
dependent shear stress, Nonlinear Anal. RWA 11 (2010) 2207–2214.
[10] C. Fetecau, A. Mahmood, M. Jamil, Exact solutions for the flow of a viscoelastic fluid induced by a circular cylinder subject to a time dependent shear
stress, Commun. Nonlinear Sci. Numer. Simul. 15 (2010) 3931–3938.
[11] L. Preziosi, D.D. Joseph, Stokes’ first problem for viscoelastic fluids, Nonlinear Anal. RWA 10 (2009) 2700–2708.
[12] D.D. Joseph, Fluid Dynamics of Viscoelastic Liquids, Springer, New York, 1990.
[13] D. Bernardin, Theoretical study of some transient Couette flows of viscoelastic fluid in inertial devices, J. Non-Newton. Fluid Mech. 88 (1999) 1–30.
[14] L. Preziosi, D.D. Joseph, Stokes’ first problem for viscoelastic fluids, J. Non-Newton. Fluid Mech. 25 (1987) 239–246.
[15] W.C. Tan, M.Y. Xu, Plate surface suddenly set in motion in a vicoelastic fluid with fractional Maxwell model, Acta Mech. Sin. 18 (2002) 342–349.
[16] W.C. Tan, W.X. Pan, M.Y. Xu, A note on unsteady flows of a viscoelastic fluid with the fractional Maxwell model between two parallel plates, Internat.
J. Non-Linear Mech. 38 (2003) 645–650.
[17] R. Tong, H. Yang, Exact solutions for the flow of non-Newtonian fluidwith fractional derivative in an annular pipe, Sci. China Ser. G: Phys. Mech. Astron
48 (2005) 485–495.
[18] D. Tong, Y. Liu, Exact solutions for the unsteady rotational flow of non-Newtonian fluid in an annular pipe, Internat. J. Engrg. Sci. 43 (2005) 281–289.
[19] M. Khan, T. Hayat, S. Asghar, Exact solution for MHD flow of a generalized Oldroyd-B fluid with modified Darcy’s law, Internat. J. Engrg. Sci. 44 (2006)
333–339.
[20] T. Hayat, M. Khan, S. Asghar, On the MHD flow of fractional generalized Burgers’ fluid with modified Darcy’s law, Acta Mech. Sin. 23 (2007) 257–261.
[21] C. Fetecau, A. Mahmood, Corina Fetecau, D. Vieru, Some exact solutions for the helical flow of a generalized Oldroyd-B fluid in a circular cylinder,
Comput. Math. Appl. 56 (2008) 3096–3108.
[22] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.
L. Zheng et al. / Computers and Mathematics with Applications 62 (2011) 1105–1115 1115
[23] L. Debnath, D. Bhatta, Integral Transforms and Their Applications, 2nd ed., Chapman and Hall/CRC Press, 2006.
[24] A. Mahmood, S. Parveen, A. Ara, N.A. Khan, Exact analytic solutions for the unsteady flow of a non-Newtonian fluid between two cylinders with
fractional derivative model, Commun. Nonlinear Sci. Numer. Simul. 14 (2009) 3309–3319.
[25] C.F. Lorenzo, T.T. Hartley, Generalized functions for the fractional calculus, NASA/TP-1999-209424/Rev1, 1999.
